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For a set of integers A  Z and k51 the k-deck of A is the function dA;k deﬁned on
sets S of k integers by
dA;kðSÞ ¼ jfi 2 Z j fsþ i j s 2 Sg  Agj:
Our main result is that for k53; a set for which the k-deck only takes ﬁnite values is
determined up to translation by its k-deck and one ﬁnite non-zero value of its ðk 
 1Þ-
deck. This generalizes a result of Radcliffe and Scott (Electron. J. Combin. 6 (1999),
R20) which proved a weaker form of this statement for k ¼ 3: In order to establish
this result, we generalize Kelly’s Lemma for ﬁnite graphs to inﬁnite sets of
integers. # 2002 Elsevier Science (USA)
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The reconstruction of combinatorial objects from their subobjects has its
roots in two long-standing conjectures about ﬁnite graphs, the reconstruc-
tion conjecture due to Kelly [6] and Ulam [13] and the edge reconstruction
conjecture due to Harary [5] (see Bondy’s survey [2]). The questions and
methods that arose in the context of ﬁnite graphs have been generalized to
many other combinatorial objects (see e.g. [1, 3, 4, 7–10]). In this paper, we
will consider a reconstruction problem for inﬁnite sets of integers.
Let Z ðNÞ denote the set of (positive) integers. Two sets A;B  Z are
called isomorphic if one is the translate of the other, i.e. there is an integer
i 2 Z such that Aþ i :¼ faþ i j a 2 Ag ¼ B: If A and B are isomorphic, weThe author was supported by a post-doctoral Donet Grant.
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RAUTENBACH AND TRIESCH298write A ﬃ B: For k 2 N and a set A  Z let ðAkÞ denote the set of all subsets of
A of cardinality k:
Let A be a set of integers and let k 2 N be ﬁxed. The k-deck of A is the
function dA;k deﬁned on sets S of k integers by
dA;kðSÞ ¼ jfi 2 Z j S þ i  Agj:
The set A is called reconstructible from its k-deck if dA;k ¼ dB;k implies that
A ﬃ B:
It is easy to see that ﬁnite sets are reconstructible from their k-deck for all
k53: In [11] Radcliffe and Scott extended this result to a special class of
inﬁnite sets of integers. Since for general sets the k-deck may take inﬁnite
values, they only considered sets for which the 2-deck and hence the k-deck
for any k52 only takes ﬁnite values. These sets were called locally finite. In
this paper, we will prove a more general result about reconstructing sets of
integers that are not locally ﬁnite.
A set A  Z is called k-finite for k 2 N if its k-deck only takes ﬁnite values.
Note that the locally ﬁnite sets are exactly the 2-ﬁnite sets and that the
1-ﬁnite sets are exactly the ﬁnite sets. It is a simple and useful observation
that a set A  Z is k-ﬁnite for some k 2 N; if and only if for every m 2 N there
are only ﬁnitely many y 2 Z such that jA\ ½y; y þ mj5k:
Let k 2 N and let A  Z be k-ﬁnite and inﬁnite. Our ﬁrst main result is that
the k-deck of A determines the l-deck of A for all l4k: This is an analogue of
Kelly’s well-known lemma for ﬁnite graphs (see [6, Lemma 1]) which was
formally posed as an open problem in [12].
Using this result, we prove that for k53 the set A is determined by its
k-deck and one ﬁnite non-zero value of its ðk 
 1Þ-deck. The main result of
Radcliffe and Scott [11, Theorem 1], is a corollary of this result. (Note that
they use a slightly different deﬁnition of the k-deck of a set A: The knowledge
of the Radcliffe and Scott version of the k-deck of a set A is equivalent to the
knowledge of all l-decks of A for 14l4k:) Finally, we show that our result
is best possible in the sense that A is not necessarily reconstructible from its
k-deck if its ðk 
 1Þ-deck does not assume at least one ﬁnite non-zero value.
2. FINITENESS OF THE DECK AND KELLY’S LEMMA
In this section, we will prove the analogue of Kelly’s Lemma [6] for
inﬁnite sets of integers. Our ﬁrst result deals with the characterization of the
ﬁniteness of values of some deck.
Theorem 2.1. Let l5k4 *k 2 N and let A  Z be *k-finite and infinite.
Then the k-deck of A determines whether dA;lðSÞ is finite or infinite for some
S 2 ðZl Þ:
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I 2 ðZ=Sk
lÞ: If dA;kðS [ IÞ is inﬁnite for some set I 2 ð
Z=S
k
lÞ; then clearly dA;lðSÞ is
also inﬁnite. We therefore assume that dA;kðS [ IÞ51 for any set I 2 ðZ=Sk
lÞ:
Clearly, dA;lðSÞ ¼ 0 if and only if dA;kðS [ IÞ ¼ 0 for all I 2 ðZ=Sk
lÞ: Hence, we
assume that dA;lðSÞ > 0 and consider two cases.
Case 1. l4k
2
: Let S [ I  A for some I 2 ð Zk
2lÞ: It is easy to see that
dA;lðSÞ51 if and only if there are only ﬁnitely many y 2 Z such that
dA;kððS [ IÞ [ ðS þ yÞÞ=0:
Case 2. l > k
2
: Let S  ½
s; s for some s 2 N: For m 2 N and
y 2 Z=½
s
 m; s we deﬁne sA;kðy;m; SÞ as
sA;kðy;m; SÞ ¼
X
I2 ½y;yþmk
l
  dA;kðS [ IÞ:
First, we assume that dA;lðSÞ51: Let dA;lðSÞ ¼ r þ 1 for some r 2 N and let
S þ d0; S þ d1; S þ d2; . . . ; S þ dr
with d05d15d25   5dr be the subsets of A that are isomorphic to S: A
subset of A that is isomorphic to S [ I for I  ½y; y þ m is of the form
ðS þ diÞ [ I 0 with I 0  A\ ½y þ di; y þ di þ m: Hence
sA;kðy;m; SÞ ¼
Xr
i¼0
A\ ½y þ di; y þ di þ m
k 
 l
 !
:
Since A is *k-ﬁnite, jA\ ½y þ di; y þ di þ mj4 *k 
 1 for all 04i4r if jyj is
large enough. Thus, if jyj is large enough, we obtain
sA;kðy;m; SÞ4ðr þ 1Þ
*k 
 1
k 
 l
 !
;
which implies that
lim sup
m!1
lim sup
jyj!1
sA;kðy;m; SÞ4ðr þ 1Þ
*k 
 1
k 
 l
 !
:
Now, we assume that dA;lðSÞ ¼ 1: Let c 2 N be an arbitrary positive integer.
We can choose r þ 1 > c different subsets
S þ d0; S þ d1; S þ d2; . . . ; S þ dr
of A that are isomorphic to S with d05d15d25   5dr:
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such that A\ ½y þ di; y þ di þ m contains an isomorphic copy of S for all
04i4r: This trivially implies that jA\ ½y þ di; y þ di þ mj5l > k 
 l:
Hence, we obtain
sA;kðy;m; SÞ ¼
Xr
i¼0
A\ ½y þ di; y þ di þ m
k 
 l
 !
5r þ 1 > c
and lim supm!1 lim supjyj!1 sA;kðy;m; SÞ ¼ 1:
We have shown that dA;lðSÞ ¼ 1 if and only if
lim sup
m!1
lim sup
jyj!1
sA;kðy;m; SÞ ¼ 1
which completes the proof. ]
Now we proceed to our version of Kelly’s Lemma.
Theorem 2.2. Let l5k 2 N and let A  Z be k-finite and infinite. Then the
k-deck of A determines the l-deck of A:
Proof. It is sufﬁcient to show that the k-deck of A determines the ðk 
 1Þ-
deck of A: The rest follows by repeating this argument.
Let S 2 ð Zk
1Þ: By Theorem 2.1 for k ¼
*k; the k-deck determines whether
dA;k
1ðSÞ is ﬁnite or inﬁnite. If dA;k
1ðSÞ ¼ 1; then we are done. Hence, we
assume that dA;k
1ðSÞ51 and that
S þ d0; S þ d1; . . . ; S þ dr
with d05d15   5dr are the subsets of A that are isomorphic to S:
Since A is an inﬁnite set, we can choose a set T  Z such that dA;jT jðT Þ ¼ 1
and t ¼ jT j is maximum with respect to this property. Note that t5k and
that Theorem 2.1 implies that we can determine such a set using the k-deck.
Now A is ðt þ 1Þ-ﬁnite and for every m 2 N all but ﬁnitely many intervals of
the form ½y; y þ m contain at most t elements of A:
Let sA;kðy;m; SÞ be as in the proof of Theorem 2.1. If m and jyj are large
enough, we obtain
sA;kðy;m; SÞ ¼
Xr
i¼0
A\ ½y þ di; y þ di þ m
1
 !

¼
Xr
i¼0
jA\ ½y þ di; y þ di þ mj4ðr þ 1Þt:
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T : Since A is ðt þ 1Þ-ﬁnite, this implies that for every m0 2 N that is large
enough there are inﬁnitely many intervals of the form ½y; y þ m0 that
contain exactly t elements of A such that
A\ ð½y 
 m0; y 
 1 [ ½y þ m0 þ 1; y þ 2m0Þ ¼ |:
This implies that for every m 2 N that is large enough there are inﬁnitely
many y 2 Z such that
jA\ ½y þ di; y þ di þ mj ¼ t
for all 04i4r: For such a y 2 Z; we have
sA;kðy;m; SÞ ¼
Xr
i¼0
jA\ ½y þ di; y þ di þ mj ¼ ðr þ 1Þt:
Therefore, lim supm!1 lim supjyj!1 sA;kðy;m; SÞ ¼ ðr þ 1Þt and, since t is
determined by the k-deck, the proof is complete. ]
3. RECONSTRUCTION RESULT
Before we come to our main result about the reconstruction of inﬁnite sets
of integers, we establish three lemmata.
Lemma 3.1. Let k;m51 and let A;B  Z be k-finite. Then there are
integers ni for i 2 Z=f0g such that
ðiÞ ðA[ BÞ \ ½ni; ni þ m
 1 ¼ | for i 2 Z=f0g;
ðiiÞ n1 
 n
15m and niþ1 
 ni5m for i 2 Z=f
1; 0g and
ðiiiÞ niþ1 
 ni4ð2k 
 1Þm for i 2 Z=f
1; 0g:
Proof. Since A and B are k-ﬁnite, there are only ﬁnitely many disjoints sets
of the form ½i; iþ ð2k 
 1Þm
 1 that contain at least k elements of A or k
elements of B: This implies that there is an integer N50 such that
jA\ ½i; iþ ð2k 
 1Þm
 1j5k
and
jB\ ½i; iþ ð2k 
 1Þm
 1j5k
for jij5N : We will show how to deﬁne n1; n2; n3; . . . . The integer ni for i50
can be found analogously.
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 1 disjoint sets ½N þ ði
 1Þm;N þ im
 1
for 14i42k 
 1 contains at most 2k 
 2 elements of A[ B; there is an
14i142k 
 1 such that
½N þ ði1 
 1Þm;N þ i1m
 1 \ ðA[ BÞ ¼ |:
Set n1 ¼ N þ ði1 
 1Þm: Repeating the argument for the 2k 
 1 disjoint sets
½ðn1 þ mÞ þ ði
 1Þm; ðn1 þ mÞ þ im
 1 for 14i42k 
 1 yields n2: Further
repetitions of the argument lead to n3; n4; . . . and so forth. ]
The next lemma was already stated by Radcliffe and Scott [11] using
different terminology.
Lemma 3.2 (Radcliffe and Scott [11]). Let A;B;C  Z be finite. Let
jA\ ðC þ xÞj ¼ jB\ ðC þ xÞj for all x 2 Z: Then A ¼ B:
Proof. We assume that A=B: Let x ¼ max½ðA=BÞ [ ðB=AÞ and let
c ¼ min C: Now, jA\ ðC þ ðx
 cÞÞj=jB\ ðC þ ðx
 cÞÞj which is a
contradiction. ]
Lemma 3.3. Let k52 and let A;B  Z be k-finite and infinite. Let C  Z
be finite such that jA\ ðC þ xÞj ¼ jB\ ðC þ xÞj for all x 2 Z: Then A ¼ B:
Proof. Let c be such that C  ½
c; c and let ni for i 2 Z=f0g be the
integers given in Lemma 3.1 for m ¼ 3c: For i 2 Z=f
1; 0g let Ii ¼ ½ni þ m;
niþ1 
 1 and let I
1 ¼ ½n
1 þ m; n1 
 1: Note that ðA[ BÞ 
S
i2Z=f0g Ii:
Let i 2 Z=f0g and let Ii ¼ ½ai;bi: If x =2 ½ai 
 c;bi þ c; then
jðA\ IiÞ \ ðC þ xÞj ¼ jðB\ IiÞ \ ðC þ xÞj ¼ 0
and if x 2 ½ai 
 c; bi þ c; then
jðA\ IiÞ \ ðC þ xÞj ¼ jA\ ðC þ xÞj ¼ jB\ ðC þ xÞj ¼ jðB\ IiÞ \ ðC þ xÞj;
since A[ B has no elements in ½nj; nj þ m
 1 for all j 2 Z=f0g: Hence
jðA\ IiÞ \ ðC þ xÞj ¼ jðB\ IiÞ \ ðC þ xÞj for all x 2 Z which, by Lemma 3.2,
implies that A\ Ii ¼ B\ Ii: We conclude that A ¼ B: ]
Now we come to our main result.
Theorem 3.4. Let k53 and let A  Z be k-finite and infinite such that
05dA;k
1ðSÞ51 for some S 2 ð Zk
1Þ: Then the k-deck of A determines A up to
translation.
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B  Z such that dA;k ¼ dB;k which is not isomorphic to A: By Theorem 2.2,
dB;k
1ðSÞ ¼ dA;k
1ðSÞ:
For r þ 1 ¼ dA;k
1ðSÞ let
S þ d0; S þ d1; . . . ; S þ dr
with d05d15   5dr and
S þ d 00; S þ d
0
1; . . . ; S þ d
0
r
with d 005d
0
15   5d
0
r be the subsets of A and B that are isomorphic to S;
respectively. Let C ¼ fd0; d1; . . . ; drg and C0 ¼ fd 00; d
0
1; . . . ; d
0
rg: We may
assume, without loss of generality, that d0 ¼ d 00 ¼ 0:
If x 2 S; then C þ x  A and C0 þ x  B which implies that
jA\ ðC þ xÞj ¼ jB\ ðC0 þ xÞj ¼ jCj ¼ r þ 1:
If x 2 Z=S; then
jA\ ðC þ xÞj ¼ dA;kðS [ fxgÞ ¼ dB;kðS [ fxgÞ ¼ jB\ ðC0 þ xÞj:
Hence jA\ ðC þ xÞj ¼ jB\ ðC0 þ xÞj for all x 2 Z: In view of Lemma 3.3, we
can complete the proof, if we show that C ¼ C0: Therefore, we assume that
C=C0: Let i0 ¼ minfi j di=d 0ig: Without loss of generality, we assume that
di05d
0
i0 : Let m ¼ maxfdr; d
0
rg þ 1:
Claim. Let y 2 Z be such that ½y; y þ m \ ðA[ BÞ ¼ fyg: Then
y 
 di0 2 B=A:
Proof. Since jA\ ðC þ yÞj ¼ jB\ ðC0 þ yÞj ¼ 1; we have y 2 A\ B:
If di052; then jA\ ðC þ ðy 
 1ÞÞj ¼ jB\ ðC
0 þ ðy 
 1ÞÞj implies that
ðy 
 1Þ belongs to A if and only if it belongs to B: Repeating this argument,
we see that
A\ ½y 
 di0 þ 1; y ¼ B\ ½y 
 di0 þ 1; y:
Since di05d
0
i0 and jA\ ðC þ ðy 
 di0 ÞÞj ¼ jB\ ðC
0 þ ðy 
 di0ÞÞj; this implies
that y 
 di0 2 B=A: ]
As in the proof of Theorem 2.2, let T  Z be such that dA;jT jðT Þ ¼
dB;jT jðT Þ ¼ 1 and t ¼ jT j is maximum with respect to this property.
Since A and B are ðt þ 1Þ-ﬁnite, there are yA; yB 2 Z such that
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maxðT Þ þminðT Þ; yA \ A and ½yB 
maxðT Þ þminðT Þ; yB \ B are
isomorphic to T and
½yA þ 1; yA þ 2m \ A ¼ ½yB þ 1; yB þ 2m \ B ¼ |:
Since 0 2 C0 and jB\ ðC0 þ xÞj ¼ jA\ ðC þ xÞj ¼ 0 for all x 2 ½yA þ 1;
yA þ m; we obtain that ½yA; yAþ m \ ðA[ BÞ ¼ fyAg: Similarly, ½yB; yB þ m
\ðA[ BÞ ¼ fyBg:
If we apply the above claim to y ¼ yA; then we obtain that maxðT Þ 

di0 =2 T and if we apply it to y ¼ yB; then we obtain that maxðT Þ 
 di0 2 T :
This contradiction completes the proof. ]
The result of Radcliffe and Scott is a corollary of Theorem 3.4.
Corollary 3.5 (Radcliffe and Scott [11]). Let A;B  Z be 2-finite. If
dA;2 ¼ dB;2 and dA;3 ¼ dB;3; then A ﬃ B:
Just as in [11] it is possible to obtain versions of Theorem 3.4 for subsets
of Zn; Rn and Qn:
4. LEGITIMATE DECKS
Let d : ðZk Þ ! N[ f0g be a function. In this section, we prove a sufﬁcient
condition for the existence of a set A  Z with dA;k ¼ d: Our result shows
that the conclusion of Theorem 3.4 does not hold, if the ðk 
 1Þ-deck does
not assume at least one ﬁnite non-zero value. Hence Theorem 3.4 is best-
possible in this sense.
A trivial necessary condition for the function d to be the k-deck of some
set is that dðSÞ ¼ dðS0Þ for isomorphic sets S; S0 2 ðZk Þ: In view of this
condition, for each set S 2 ðZk Þ we will only consider the unique set S
0
isomorphic to S with minðS0Þ ¼ 0:
Theorem 4.1. Let k52 and let dk be a function
dk :
N
k 
 1
 !
! N5k ¼ fk; k þ 1; k þ 2; . . .g:
Then there are infinitely many non-isomorphic sets A  N such that dkðSÞ ¼
dA;kðS [ f0gÞ for all S 2 ð Nk
1Þ:
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1Þ; i.e.
N
k 
 1
 !
¼ fS1; S2; S3; . . .g:
Let Am1 ¼ S1 [ f0g:
Now let i52 and let Ami
1 be given. Let Sji 2 ð
N
k
1Þ be such that
dAmi
1;kðSji [ f0gÞ5dkðSji Þ and ji is minimum. Let
Ami ¼A
m
i
1 [ ½ðSji [ f0gÞ þ ð2 maxðA
m
i
1Þ þmaxðSji Þ þ mÞ
¼Ami
1 [ fxþ ð2 maxðA
m
i
1Þ þmaxðSji Þ þ mÞ j x 2 ðSji [ f0gÞg:
This set has the following properties. First, we observe that
dAmi ;kðSji [ f0gÞ ¼ dAmi
1;kðSji [ f0gÞ þ 14dkðSjiÞ:
Now let S 2 ð Nk
1Þ=fSjig: If maxðSÞ5maxðA
m
i
1Þ þmaxðSjiÞ þ m; then
dAmi ;kðS [ f0gÞ ¼ dAmi
1;kðS [ f0gÞ:
If maxðSÞ5maxðAmi
1Þ þmaxðSjiÞ þ m; then any isomorphic copy of S [ f0g
in Ami necessarily contains elements of A
m
i
1 and A
m
i =A
m
i
1: Therefore, we have
dAmi
1;kðS [ f0gÞ ¼ 0 and it is easy to see that dAmi ;kðS [ f0gÞ4k: In view of
the above, the set Am ¼
S1
i¼1 A
m
i satisﬁes dAm;kðS [ f0gÞ ¼ dkðSÞ for every
S 2 ð Nk
1Þ: Furthermore, considering the ﬁrst two isomorphic copies of the set
S1 [ f0g in Am for different values of m; we see that Am and Am
0
are not
isomorphic for m=m0: This completes the proof. ]
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